Abstract. We introduce iterated injectivity and show how to describe Grothendieck ∞-groupoids as iterated injectives. Our approach is then used to prove the faithfulness conjecture of Maltsiniotis.
Introduction
The categorical notion of injectivity captures interesting structures in many areas -for instance, injective modules in algebra and Kan complexes in homotopy theory. Algebraic injectivity was introduced [13, 20] with the homotopical examples in mind, but even in the simplest settings it has much to say.
For instance, whilst all sets are injective with respect to monomorphisms, an algebraic injective with respect to the inclusion j : 2 ֒→ 3 is a set X equipped with a binary operation m, or magma, as depicted below. Now iterating injectivity is a futile affair: injectives in injectives are injectives. On the other hand, in the present paper we will show that iterating algebraic injectivity produces interesting structures. For a simple example, all universal algebraic structures are algebraic injectives in algebraic injectives (a.k.a. 2-injectives) in Set -see Example 3.11 below.
The primary case of interest here concerns the cellular globular theories of [19] used to define Grothendieck weak ω-groupoids. In this setting, we will show that models of cellular globular theories can be identified as certain ω-injectives -iterated algebraic injectives using ω iterations. We will use this identification to prove the faithfulness conjecture of Maltsiniotis [19] , which we now describe in a little more detail.
The Grothendieck weak ω-groupoids and weak ω-categories introduced by Maltsiniotis in [19] are globular sets with additional structure, expressed in terms of their being models of certain globular theories. In order that the models of a globular theory T are equipped with the operations expected in a higher categorical structure one imposes contractibility conditions upon T. To capture weakness of these operations one requires that T is cellular -this means that it can be constructed as a colimit of a chain where we write s n = A(σ n ) and t n = A(τ n ), or just s and t if the context is clear.
Elements of the set A(n) are referred to as n-cells of A. A pair (x, y) of n-cells in A are said to be parallel if either n = 0 or if the equations s n x = s n y and t n x = t n y hold. A lifting for such a parallel pair (x, y) is an element z ∈ A(n + 1) such that s n+1 z = x and t n+1 z = y. If each parallel pair of n-cells in A has a lifting (for each n) then the globular set A is said to be contractible.
The notions introduced in the preceding paragraph can be understood in terms of lifting properties. Firstly, an n-cell in A amounts to a morphism of globular sets Y n → A from the representable globular set Y n = G(−, n). Let j n : ∂(n) ֒→ Y (n + 1) be the globular subset of Y (n + 1) obtained by omitting the single n + 1-cell of Y (n + 1). This globular set has two distinct m-cells for all m ≤ n and none in higher dimensions. Now a parallel pair of n-cells (x, y) in A corresponds to a morphism ∂(n) → A and, moreover, the parallel pair admits a lifting just when the corresponding morphism ∂(n) → A admits an extension along j n : ∂(n) ֒→ Y (n + 1).
Later on we will use the following well known expression of ∂(n) as the coequaliser (2.1)
whose universal property captures the fact that ∂(n) classifies parallel n-cells.
2.2.
The category Θ 0 of globular cardinals. The category of globular sets has a small dense subcategory Θ 0 , first described by Berger [5] , whose objects have been termed globular cardinals by Street [21] . These include the representables-the n-globes Y n for each n-but also shapes such as the globular set with distinct cells as depicted below.
The globular cardinals can be parametrised in various ways, for instance using trees [4, 5] ; following [19] , we will use tables of dimensions-sequences n = (n 1 , . . . , n k ) of natural numbers of odd length with n 2i−1 > n 2i < n 2i+1 . Given such a table n and a functor D : G → C, we obtain a diagram Dn 2 Dn 4 . . .
whose colimit in C, when it exists, will be written as D( n), and called the Dglobular sum indexed by n. Dually a globular object A : G op → C determines a diagram A(n 2 ) A(n 4 )
. . . A(n k−1 )
whose limit, denoted A( n), is called a globular product.
Taking the full subcategory of [G op , Set] on the Y -globular sums yields the initial, up to equivalence, category with globular sums. Θ 0 is a skeleton of this: we can view its objects as the tables of dimensions whilst Θ 0 ( n, m) = [G op , Set](Y ( n), Y ( m)). This gives a factorisation
of the Yoneda embedding, in which Dn = (n) on objects.
Globular theories and their models.
A globular theory J : Θ 0 → T is an identity on objects functor preserving globular sums. The category Θ 0 -Th of globular theories is the full subcategory of Θ 0 /Cat containing the globular theories. Given a globular theory J : Θ 0 → T its category of models Mod(T) ֒→ [T op , Set] is the full subcategory containing the globular product preserving functors. There is a forgetful functor The following proposition records a few basic results that we will need about globular theories and their models. 
Proof. For monadicity in (1) see Proposition 6.3.6 of [2] . That U T preserves filtered colimits follows easily from the fact that each globular cardinal Y n is finitely presentable as a globular set. It follows that the resulting monad T = U T F T preserves filtered colimits. Since by [12] the category of algebras for a filtered colimit preserving monad on a l.f.p. category is again l.f.p. this completes the proof of (1). As representables send colimits to limits each representable is a T-model, and the stated freeness property is simply an instance of the Yoneda lemma. This establishes (2) . For (3) observe that since Mod(T) is locally presentable, by (1), it is cocomplete. Therefore we can form the left Kan extension
where the first component L ′ is the left Kan extension along the Yoneda embedding. Since the values of K S are representable we have that Mod(S)(K S −, 1) ∼ = I S , where I S is the full inclusion viewing models as presheaves. Hence we have natural isomorphisms
with the second using the Kan adjunction L ′ ⊣ Mod(T)(K T N −, 1)). Since N ⋆ acts by restriction we have I S • N ⋆ ∼ = Mod(T)(K T N −, 1)) so that the right side above is naturally isomorphic to [S op , Set](I S X, I S N ⋆ A). By fully faithfulness of I S this in turn is naturally isomorphic to Mod(S)(X, N ⋆ A) and now the composite natural isomorphism Mod(T)(LX, A) ∼ = Mod(S)(X, N ⋆ A) proves the claim.
2.4. Contractible and cellular globular theories. Let J : Θ 0 → T be a globular theory. A pair of morphisms
lifting for the parallel pair consists of a morphism h :
If each parallel pair in T has a lifting then T is said to be contractible.
Remark 2.2.
A parallel pair (u, v) in the globular theory T as above is simply a parallel pair of n-cells in the globular set T(JD−, m) : G op → Set. In this way we see that T is contractible just when the globular set T(JD−, m) :
Consider a family I of parallel pairs u i , v i : (n i ) ⇒ m i in the globular theory T.
1 There exists a globular theory T I and morphism of globular theories
obtained by freely adjoining liftings for the parallel pairs of I. More precisely (1) For each i ∈ I the parallel pair u i , v i : (n i ) ⇒ m i ∈ T I is equipped with a lifting ϕ i : (n i + 1) → m i and (2) Given a morphism of globular theories Q : T → S together with a lifting θ i of the parallel pair (Qu i , Qv i ) for each i ∈ I, there exists a unique morphism of globular theories Q : T I → S such that Q • J I = Q and Qϕ i = θ i for each i ∈ I. These two properties characterise T I uniquely up to isomorphism under T.
A cellular globular theory is, by definition, the colimit of a chain of globular theories
is of the form J I n+1 : T n → T I n+1 for some family of parallel pairs I n+1 of T n . We remark that cellularity in the above sense can be re-expressed as cellularity with respect to a set of maps -see Example 6.6.
A coherator is a cellular contractible globular theory and, by definition, a Grothendieck weak ω-groupoid is a model of a coherator. The homotopy theory of these structures has been studied in [19, 3] and more recently in [15, 17] , though important questions remain open. Now for T cellular we have, on the level of models, a cochain
where we write U m n = (J n m ) * for all n < m. We refer to this as the tower of models of T. Since taking categories of models sends colimits of globular theories to limits of categories over M od(Θ 0 ) -see Section 5.3 of [11] -it follows that Mod(T) is the limit of the above cochain of categories.
Faithfulness Conjecture 2.3 (Maltsiniotis) . Each of the connecting functors J n m : T n → T m defining a cellular globular theory T is faithful. Remark 2.4. The conjecture is stated in Section 1.4 of Maltisiniotis [19] and in the thesis of Ara [2] as Conjecture 4.1.7. It is used in Proposition 6.7.15 and Corollary 6.7.16 of [2] to give an explicit description of the globular theory Θ BL whose models coincide with the weak ω-categories of Batanin-Leinster [4, 18] to be precise, the models of the initial globular operad with contraction.
Before moving on, let us identify the models of globular theories of the form T I . To this end, we define a (T, I)-model (X, x) to consist of a T-model X together with a morphism x i for each i ∈ I such that the diagram 
I → Set and whose lifting function at i ∈ I has value X(ϕ i ) : X( m i ) → X(n i + 1). Clearly K commutes with the respective functors to Mod(T). Hence it remains to show that it is bijective on objects and fully faithful. We establish these properties using endomorphism theories.
To this end, let X ∈ Mod(T). By definition, the (relative) endomorphism theory of X is obtained as the (identity on objects/fully faithful)-factorisation of X op : T → Set op depicted on the left below
Since X op preserves globular sums so does E X , so that End(X) becomes a globular theory on restricting E X along J : Θ 0 → T and E X : T → End(X) a morphism thereof. The functor M X also preserves globular sums. The universal property of End(X) is that, given a morphism of globular theories F : T → S, composition with M X induces a bijection between globular theory morphisms A : S → End(X) with A • F = E X and S-algebra structures B : S op → Set such that F ⋆ B = X. (This correspondence is indicated in the diagram above right and follows immediately from the fact that F , being identity on objects, and M X , being fully faithful, are orthogonal.) Now End(X)( n, m) = Set(X m, X n) with E X : T → End(X) acting on morphisms as application of X. It follows that to equip X with the structure (X, x) of a (T, I)-model is equally to equip the morphism of theories E X : T → End(X) with a lifting (n i + 1) → m i of the parallel pair (E X u i , E X v i ) for each i ∈ I. Therefore by the universal property of T I there exists a unique morphism T I → End(X) extending E X along J I ; postcomposing with M X gives the corresponding T I -model K ′ (X, x). Spelling out the formulae involved we see that KK ′ (X, x) = X. To see that K ′ K = 1 we use the universal property of T I .
The proof that K is bijective on arrows is almost identical, except that it uses endomorphism theories of morphisms of T-models. A T-model morphism f : X → Y corresponds to a globular product preserving functor T → (Set 2 ) op ; now factoring it as (identity on objects/fully faithful) gives E f : T → End(f ), the (relative) endomorphism theory of f : X → Y . We leave the details of this part to the reader.
3. Iterated injectives and models of cellular theories 3.1. Algebraic injectivity. Let α : I → Arr(C) be a family of morphisms in C.
2 An algebraic injective is a pair (C, c) where C ∈ C together with extensions
for each lifting problem with i ∈ I. Morphisms f : (C, c) → (D, d) of algebraic injectives are morphisms f : C → D commuting with the given extensions. We write V : Inj(I, α) → C for the category of algebraic injectives over C.
Notation 3.1. When the context is clear, as is often the case, we simply write I instead of α : I → Arr(C) for a family of morphisms. We also write Inj(I) in place of Inj(I, α) and sometimes write |I| = {α i : i ∈ I} for the underlying set of morphisms in C. We sometimes assert a property of morphisms of Ifor example that they are mono -in which case this should be interpreted as a property of morphisms of |I|. Example 3.3. Consider the category of simplicial sets and I = {Λ k n → ∆ n } the set of horn inclusions. Then Inj(I) is the category of algebraic Kan complexes considered by Nikolaus [20] .
The following is a standard result. The case dealing with a set, rather than a family, of morphisms is dealt with in the proof of Theorem 5 of [8] and the generalisation to a family of morphisms is trivial. Proposition 3.4. Let C be a locally presentable category. Then Inj(I) is locally presentable and V : Inj(I) → C an accessible strictly monadic right adjoint. Furthermore, if C is locally finitely presentable and I consists of morphisms between f.p. objects then Inj(I) is l.f.p. and V finitary.
We now give the key example of algebraic injectivity pertaining to the study of cellular globular theories; namely, that T I -models are algebraic injectives in M od(T).
To see this, let I be a family of parallel pairs in T and consider the parallel pair u i , v i : (n i ) ⇒ m i for i ∈ I. This corresponds to the pair u i * , v i * : T(−, (n i )) ⇒ T(−, m i ) in Mod(T ), which -by Part 2 of Proposition 2.1 -we can equally write as a pair of maps
between free T-models on globular sets. That u i and v i are parallel in T corresponds to the fact that we have a fork on the lower row below.
. .
Since the left adjoint F preserves coequalisers, the original pair u i , v i therefore corresponds to the factorisation
through the coequaliser. Now to give a T-model X the structure of a (T, I)-model is to give for each a : T(−, m i ) → X and i ∈ I an extension as below left
which, equivalently, is to give an extension rendering the rightmost square commutative. By the universal property of the pushout square (3.1)
such are in bijective correspondence with extensions of a along k i as below.
Accordingly we see that extensions of X to a (T, I)-model are in bijective correspondence with extensions of X to an algebraic I-injective for the family of morphisms
Extending the above argument to morphisms in the evident manner, we obtain an isomorphism of categories Mod(T, I) ∼ = Inj(I) over Mod(T). Composing this with the isomorphism of Proposition 2.5 we obtain one direction of:
Proposition 3.5. The following coincide up to isomorphism over Mod(T).
• Forgetful functors Mod(T I ) → Mod(T) induced by morphisms of theories T → T I for I a family of parallel pairs in T;
each of which is a pushout as in (3.1).
Proof. The reverse direction simply involves chasing backwards through the above construction.
3.2. Iterated injectivity. Let I 1 ⊆ Arr(C) and I 2 ⊆ Arr(Inj(I 1 )) a set of morphisms in the (non-algebraic) injectivity class Inj(I 1 ). Then Inj(I 2 ) is an injectivity class in C itself -namely Inj(I 1 ∪ I 2 ) -and so iterating injectivity produces nothing new.
On the other hand iterating algebraic injectivity produces categories that cannot be obtained in a single step. In fact, the case of interest to us -Grothendieck weak ω-groupoids -uses ω iterations. We give the definition in its natural generality.
Definition 3.6. Let λ be an ordinal. By a tower of (algebraic) λ-injectives over C we mean a cochain Inj(I) : (λ + ) op → CAT such that (1) Inj(I 0 ) = C; (2) For each n < λ the link map V n+1 n : Inj(I n+1 ) → Inj(I n ) is the forgetful functor from the category of algebraic injectives determined by a family of maps I n+1 of Inj(I n ). (3) the cochain is smooth: that is, at a limit ordinal γ ≤ λ, we have Inj(I γ ) = lim n<γ Inj(I n ). The value of the cochain at 0 < λ ∈ λ + gives the forgetful functor V λ 0 : Inj(I λ ) → C from the category of λ-injectives.
Thus 1-injectives are algebraic injectives in C whilst 2-injectives are algebraic injectives in algebraic injectives, and so on.
3 By the general term iterated injectives we mean λ-injectives for some λ.
As mentioned, the primary structures of interest here are ω-injectives. A tower of ω-injectives is specified by a diagram (3.3)
in which Inj ω (I) is the limit of the sequence Inj(I n ) n<ω . 3 We use the term n-injective as opposed to algebraic n-injective since there is no meaningful non-algebraic version of n-injectivity beyond the case n = 1.
Examples 3.7. All locally presentable categories are categories of iterated injectives in a power of Set. This is established in the following sequence of examples.
(1) If G is a directed graph with set of objects O and directed edges E then the presheaf category Set G is a category of algebraic injectives
(2) If C is a small category with underlying graph U C then it is easy to see that [C, Set] is a small orthogonality class in [U C, Set]. By Remark 4.4 of [1] , each small orthogonality class in [U C, Set] is a small injectivity classindeed, also a category of algebraic injectives in [U C, Set] (since the liftings are, in this case, forced to be unique.) (3) Since each locally presentable category is a small orthogonality class (thus a category of algebraic injectives) in a presheaf category, we concludeon combining these examples -that each locally presentable category is a category of 3-injectives in a power of Set.
Indeed the categories of iterated injectives in powers of Set are precisely the locally presentable categories. If we only allow in each I n morphisms between finitely presentable objects we get precisely the l.f.p. categories. These claims follows from the following result. Proof. We prove the statement by transfinite induction on n ≤ λ. The statement n = 0 is our assumption that C is locally presentable. For n = m + 1 we have that Inj(I m ) is locally presentable and V m k an accessible right adjoint for each k < m. By Proposition 3.4 then Inj(I m+1 ) is locally presentable and
is then a composite of accessible right adjoints the claim holds. For n a limit ordinal the limit Inj(I n ) = Inj(I m ) m<n is, by Propositions A.1 and A.3, a bilimit. Since, by Theorem 2.18 of [6] , the 2-category of locally presentable categories and accessible right adjoints is closed under bilimits in CAT, the claim follows. The l.f.p. case follows similarly from the l.f.p. part of Proposition 3.4 and Theorem 2.17 of [6] .
We write V n m : Inj(I n ) → Inj(I m ) for the composite forgetful functor where m < n ∈ λ + and F n m ⊣ V m n for the adjoints. In the case m = 0 we write write V n = V n 0 : Inj(I n ) → C for the composite and F n = F n 0 for its left adjoint. The examples that we are interested in will arise from a more specialised context, in which we are provided with the data of a triple (C, A, B) consisting of a locally presentable category C, a set A ⊆ Ob(C) of objects and a family B of morphisms of C. Now consider pushouts in Inj(I n ) of the form (3.4)
where α : A → B ∈ |B| and X ∈ A.
. If each object of A is finitely presentable and the family B consists only of morphisms between finitely presentable objects, then each family I n has the same property.
Proof. Inspecting the square (3.4) we see that each morphism in I n has source and target belonging to the finite colimit closure of free n-injectives on finitely presentable objects. Since finite colimits of f.p. objects are f.p. it suffices to show that each F n : C → Inj(I n ) preserves f.p. objects and, for this, it suffices to show that each right adjoint V n : Inj(I n ) → C preserves filtered colimits. This follows by transfinite induction, arguing as in Proposition 3.8. 
Let F be the left adjoint of V . The terms t = (xy)z, s = x(yz) in 3 variables are elements of V F 3. Together, they correspond to a single map t, s :
By the universal property of the pushout F 3/ t = s each morphism (a, b, c) :
holds for all for a, b, c ∈ A. Thus we see that the category of associative magmas is a category of (F, B)-2-injectives. Generalising this construction in the obvious way, each equational variety (Ω, E)-Alg is naturally a category of (F, B)-2-injectives. Conversely, each category of (F, B)-iterated injectives is an equational variety. One can prove this using sifted colimits and Beck's theorem. A better argument, not using monadicity theorems, is given in Theorem 6.3.
Recall the category Θ 0 of globular cardinals, and the set of morphisms B = {∂(n) → Y (n + 1) : n ∈ N} including the boundaries of representable globular sets. The main result of this section characterises models of cellular globular theories as (Θ 0 , B)-iterated injectives. We will state and prove this result in terms of cochains.
Both the towers of models of a cellular theory and of ω-injectives form ω + -cochains in CAT where ω + = {0 < 1, . . . < n < . . . < ω}. These cochains share the properties of being smooth and isofibrant. Recall that a functor W : A → B is said to be an isofibration if given A ∈ A and an isomorphism f : B → W A ∈ B there exists an isomorphism f * : B → A with W f * = f . Now a cochain X is said to be isofibrant if each X n → X m for m < n is an isofibration of categories.
By an equivalence F : X → Y of cochains in CAT we shall mean a natural transformation between cochains for which F n : X n → Y n is an equivalence of categories for each n. If we restrict our attention to smooth isofibrant cochains then this yields the correct notion -in particular, it yields an equivalence relation on smooth isofibrant cochains (see Appendix A for a proof).
Theorem 3.12. Up to equivalence of ω + -cochains, the towers of models of cellular globular theories and towers of (Θ 0 , B)-ω-injectives coincide.
Proof. Consider the tower of models of a cellular globular theory T. We will construct the equivalent tower of ω-injectives inductively. For the base case we use the canonical equivalence
. Now suppose that we have a morphism of chains of length n as below
in which each E j is an equivalence and each family I m satisfies ( †) for m ≤ n.
Since T is cellular we have T n+1 = (T n ) I n+1 . Therefore by Proposition 3.5 we have an isomorphism Mod(T n+1 ) → Inj(I n+1 , j n+1 ) making the left triangle below commute.
Here I n+1 is of the form described in (3.2). Any equivalence of categories W : A → B lifts to an equivalence Inj(S, α) → Inj(S, W α) for (S, α) a family of morphisms in A; applying this to E n and (I n+1 , j n+1 ) yields the equivalence in the central square above. The morphisms in the image of Ej n+1 do not satisfy ( †) on the nose -in particular, they have domains of the form E n F Tn X for X a globular cardinal; however, composing these with the natural isomorphism F n X ∼ = E n F Tn X we obtain an isomorphic family (I n+1 , α n+1 ) satisfying ( †) -this induces an isomorphism as in the triangle above right. We define E n+1 to be the composite equivalence on the top row above. Now since each E n is an equivalence and since the cofiltered limits Mod(T) and Inj ω (K) are bilimits (see Propositions A.1 and A.3 of Appendix A) the induced map E : Mod(T) → Inj ω (K) is an equivalence. This gives the desired equivalence of cochains. The reverse direction is similar.
The tower-free version is an immediate consequence.
Theorem 3.13. Up to equivalence over [G op , Set], the categories of models of cellular globular theories and of (Θ 0 , B)-iterated injectives coincide.
The above results mean that if we are only interested in the models of cellular globular theories, then we can equally work the semantic notion of (Θ 0 , B)-iterated injectives instead. The following result refines this to deal with cellular contractible theories (aka coherators) whose models are, by definition, the categories of Grothendieck weak ω-groupoids.
Theorem 3.14. Up to equivalence over [G op , Set], the categories of models of coherators coincide with those categories of (Θ 0 , B)-ω-injectives having the property that each free ω-injective on a globular cardinal has a contractible underlying globular set.
Proof. Consider the category of models of a cellular theory T and the equivalence E with a category of (Θ 0 , B)-iterated injectives depicted below.
Vω x x r r r r r r r r r r
Since E commutes with the forgetful functors it also commutes with the left adjoints, up to isomorphism. Thus the free ω-injective on each globular cardinal will be contractible just when the corresponding fact holds for the cellular globular theory T: the free T-model on each globular cardinal is contractible. So it remains to show that this last property holds just when T is contractible.
The free T-model on a globular cardinal m is simply T(−, m) : T op → Set and this has underlying globular set the composite
2) each such globular set is contractible just when T is so, as required. 
Free iterated injectives and cellularity
For C a cofibrantly generated model category with generating trivial cofibrations I one can define the category of algebraically fibrant objects over C as V : Inj(I) → C. In Theorem 2.20 of [20] Nikolaus showed that if
• each trivial cofibration is a monomorphism and • each morphism in I has finitely presentable domain and codomain then the model structure on C can be right induced along V to a model structure on Inj(I) for which the adjunction F ⊣ V is a Quillen equivalence. 4 The main point in establishing the model structure is to show that in pushouts of the form
/ / Y with α ∈ I the map V f : V X → V Y is a weak equivalence. That the resulting Quillen adjunction is a Quillen equivalence follows on showing that the unit
is a weak equivalence for all X. Nikolaus achieved these two results by giving explicit, closely related, constructions of such pushouts and of free algebraically fibrant objects. In fact, Nikolaus did more than this -showing in fact that the sought for weak equivalences are trivial cofibrations -even I-cellular maps.
This last point -a minor one at first appearance -obtains particular importance for us. The reason is that we will not be working with model structures and their weak equivalences, but simply a set of morphisms (or, if one prefers, the cofibrantly generated weak factorisation system they determine). In our setting we would like to obtain similar free constructions of iterated injectives and pushouts. Therefore we begin by abstracting, in Section 4.1, the results of Nikolaus [20] to our setting. (These abstractions involve little originality since all of the core constructions described below in Section 4.1 are in ibid.) In Section 4.2 we extend these results to the iterated setting. This leads naturally to a proof of the faithfulness conjecture.
4.1.
Free algebraic injectives and cellularity. Let I be a family of morphisms in a category C. Let Cell(I) denote the class of I-cellular morphisms: a morphism is I-cellular if it can be written as a transfinite composite of pushouts of small coproducts of maps in |I|. It is well known and straightforward to show that Cell(I) is stable under pushouts, coproducts and transfinite composition.
In what follows, we work in the context of cocomplete category C equipped with a family of morphisms I with finitely presentable domains such that Cell(I) ⊆ M ono.
The constructions of algebraic injectives of interest to us presently are naturally seen as liftings of sinks along V : Inj(I) → C. Recall that given a set of objects {Y j : j ∈ J} a sink under Y consists of an object X and morphisms {f j : Y j → X : j ∈ J}. Morphisms of the category Sink(Y ) of sinks commute with the coprojections from the Y j in the evident manner. Given a functor U : C → D we obtain a functor
given by application of U . By definition, a U -semifinal lifting of a sink S = (f j : U Y j → X : j ∈ J) is a reflection of this sink along U Y . Assuming, as is usually done, that U is faithful then this amounts to an object X S of C and morphism η S : X → U X S with the property that each η S • f j : U Y j → U X S is in the image of U , and which is the initial such morphism.
We are interested in two constructions, which are special cases of semifinal liftings along V : Inj(I) → C where |J| = ∅ or |J| = 1 respectively. These are (1) The free algebraic injective on X ∈ C; (2) The semifinal lifting along V of a monomorphism f : V (Y, y) → X. The first case is the semifinal lifting of the empty sink over X whilst in the second case we view f as a 1-element sink. We treat the two cases together by constructing the semifinal lifting of a sink S = {f j : V (Y j , y j ) → X : j ∈ J} having |J| ≤ 1 and each f j a monomorphism. The semifinal lifting will be the colimit
X S of a chain in C. We start by setting X 0 = X. For each n a subset
is specified and X n+1 is then defined as the pushout below
Using the coproduct inclusions, we see that X n+1 is the universal object equipped with a map p n n+1 : X n → X n+1 and liftings x n+1 (r, i) for each pair (i ∈ I, r ∈ C n (A i , X n )), as depicted below.
Observe also that each connecting map p n n+1 : X n → X n+1 , is I-cellular, and so a monomorphism. Now let C 0 (A, X 0 ) ⊆ C(A, X 0 ) consist of those morphisms not factoring through a member f j of the sink. For higher n we let C n (A, X n ) be the set of arrows A → X n that do not factor through p n−1 n : X n−1 → X n . We must equip X S with the structure of an algebraic injective. To this end, consider i ∈ I and r : A i → X S . There are two cases.
If r factors through p 0 • f j : Y j → X → X S as r ′ , then this factorisation is unique since both p 0 and f j are monic.
We then define x S (r, i) = p 0 • f j • y(r ′ , i) as the composite filler depicted. Note that this definition is forced upon us by the requirement that p 0 • f j be a morphism of algebraic injectives.
Otherwise, since A i is finitely presentable r : A i → X S factors through p n : X n → X S for a smallest n ∈ N. Again the factored morphism r ′ is unique since p n is a monomorphism.
We define x S (r, i) = p n+1 • x n+1 (r ′ , i) as the composite filler depicted.
Proposition 4.1. Consider a cocomplete category C equipped with a family of morphisms I with finitely presentable domains such that Cell(I) ⊆ M ono. Consider V : Inj(I) → C.
(1) The forgetful functor V has a left adjoint F and the unit η X : X → V F X is I-cellular for each X ∈ C. (2) Given a monomorphism f : V (Y, y) → X, its semifinal lifting η f : X → V (X f , x f ) exists and is I-cellular.
Proof. It remains to verify that the morphism p 0 : X → X S = V (X S , x S ) has the required universal property. To this end consider k : X → Z = V (Z, z) with each k • f j : Y j → Z a morphism of algebraic injectives. By the universal property of the colimit X S , extensions of k as below left
are in bijection with families k n satisfying the commutativity above right and having k 0 = k. Using the case-by-case definition of the liftings x S it is, moreover, straightforward to see that k S is a morphism of algebraic injectives if and only if each k • f j : Y j → X → X S is so and when, furthermore, for all i ∈ I, n ∈ N and r ∈ C n (A, X n ) the two composites below from B i to Z coincide.
Now by the universal property of X n+1 as in (4.1) such a k n+1 is determined uniquely by k n subject to the above equality -thus a family k n satisfying the equality in (4.1) is uniquely determined by the component k 0 = k, and the claim follows. Proof. Given the preceding result, this is a consequence of the following straightforward construction of pushouts in the context of semifinal liftings. Namely, consider an adjunction F ⊣ U : C → D and a span as below left. It is a special case -taking I = B -of the result that we require, which is stated and proven below. This is formulated with iteration in mind. 
Free iterated injectives and cellularity.
The following is our iterated version of the preceding result. This is specialised to deal with (A, B)-iterated injectives in Theorem 4.7.
Theorem 4.5. Let C be locally presentable and B a family of morphisms in C such that Cell(B) ⊆ M ono. Consider a tower Inj(I) of ω-injectives such that for each n < ω each morphism of I n+1 is an F n B-cellular morphism with finitely presentable domain and codomain. Consider m < n ∈ ω + .
(1) The forgetful functor V n m :
Proof. For finite n the stated properties hold by inductive application of Theorem 4.4 since, by that result, if Cell(F n B) ⊆ M ono then Cell(F n+1 B) = Cell(F n+1 n F n B) ⊆ M ono too. It remains to consider the case n = ω and m < n. In fact the case of general m follows from the case m = 0 since Inj ω (I) is equally the limit of the cochain Inj(I k ) having k ≥ m.
Therefore it remains to prove the three claims when n = ω and m = 0. Just as in the proof of Theorem 4.4, these will follow on showing that given a sink S = {f j : V ω 0 Y j → X : j ∈ J} with at most one member, a mono, its semifinal lifting exists and has unit X → V ω 0 X ω a B-cellular morphism. We begin by forming the semifinal lifting of the sink along V 1 0 , as depicted on the left below.
% % ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
By Theorem 4.3 the unit η 0 1 is B-cellular. We now iterate this, forming the V n+1 n -semifinal lifting of f i,n as on the right above. Note that this diagram lives in Inj(I n ). Arguing inductively, using the established case n = m + 1, we see that each f i,n is mono and that each η n n+1 is F n B-cellular. Now form the colimit of the following chain (D n ) n∈N in C.
Since η n n+1 is F n B-cellular its underlying map V n+1 0 η n n+1 is B-cellular. Thus the transfinite composite η 0 : X → col(D) is B-cellular.
Observe that col(D) is equally the colimit of the restricted diagram (D m ) m≥n , which lies in the image of V n 0 . Since V n 0 creates filtered colimits it follows that col(D) obtains the structure of a n-injective col(D) n , unique such that each cocone projection η m : V m n X m → col(D) n is a morphism of Inj(I n ) for m > n.
, both of whose components are morphisms of n-injectives. Thus η 0 • f j is a morphism of n-injectives for each n, and so a morphism of ω-injectives. For the universal property, consider g :
Successively applying the universal properties of the semifinal liftings we obtain a unique morphism g n of n-injectives satisfying g n η 0 n = g 0 . These induce a unique map g ω : V ω 0 X ω → V ω 0 Z commuting with the g n . Now to say that g ω is a morphism of ω-injectives is equivalent to asking that its restriction along each η n , the g n , is a morphism of n-injectives; thus the unique extension g ω is a morphism of ω-injectives, as required. Remark 4.6. As a special case of the above we obtain the construction of free ω-injectives as colimits of chains of the form
Let us also state the version for (A, B)-ω-injectives. This follows immediately from Theorem 4.5 and Proposition 3.10.
Theorem 4.7. Let C be locally presentable, A a set of finitely presentable objects in C and B a family of morphisms between finitely presentable objects in C such that Cell(B) ⊆ M ono. Given a tower Inj(I n ) n∈ω + of (A, B)-ω-injectives consider n, m ∈ ω + with m < n.
Cellular globular theories and the faithfulness conjecture
Consider the tower of models
of a cellular globular theory T = T ω . Composing with the equivalence
Theorem 5.1. Given a cellular globular theory T as above
Proof. By Theorem 3.12 there is a (Θ 0 , B)-tower of iterated injectives and cochain equivalence as depicted below.
By virtue of the cochain equivalence, we must show that the corresponding facts to (1), (2) and (3) hold for the tower of iterated injectives. This is precisely the content of Theorem 4.7 on observing that its hypotheses -each object of Θ 0 is finitely presentable as a globular set, each morphism of B has f.p. domain and codomain and Cell(B) = M ono -are satisfied.
We now turn to the proof of the faithfulness conjecture. First, a lemma. Lemma 5.2. A morphism P : R → S of globular theories is faithful if and only if the unit of the adjunction P ! ⊣ P * is monic at each representable R-model.
Proof. Let us first investigate what it means for a map of globular theories P : R → S to be faithful. By Proposition 2.1 we have
Mod(R) → Mod(S) where K R and K S are the restricted Yoneda embeddings for R and S respectively. Since K R is fully faithful it follows that we have a natural isomorphism in the square below.
Since K R and K S are fully faithful, it follows that P will be faithful just when the horizontal function below is injective
for all A, B ∈ R. Using that the vertical function -the adjointness bijection -is invertible and that the triangle commutes, we see that this is equally to prove that the diagonal is injective for all A, B. By the Yoneda lemma, this is to ask that η K R B :
, viewed as a natural transformation, has monic component at each A ∈ R; in other words, that η K R B : K R B → P * P ! K R B is monic for each B ∈ R. 
Cellular monads and cellular theories
In the present section, we briefly describe a generalisation of Theorem 3.12, which captures the models of cellular globular theories as iterated injectives. We will present our results in the general setting of [11] . In particular, our base E will be enriched in a symmetric monoidal locally presentable category V.
Given a family I of morphisms in E, we can form the enriched category of algebraic injectives, an object of which consists of E ∈ E together with a section
As an enriched category Inj(I) can be encoded as the pullback:
Here the right leg SE([I, V]) → Arr[I, V] is the forgetful functor from the enriched category of split epimorphisms in [I, V] to the enriched category of arrows therein, and K the V-functor sending C to the family (E(α i , E) :
Example 6.1. Consider V = Cat and E = Cat as a 2-category. Building on Example 3.2, let ι : 2 → 3 be the inclusion of the discrete category on two objects to the discrete category on three. An object of Inj(ι) is a category C equipped with a functor C 2 → C -in particular, Inj(ι) is the 2-category of magmas in Cat.
Now E itself will be a locally presentable V-category, which comes equipped with a small dense full sub V-category A ֒→ E. This is the basic setting of [11] . It is not hard to see -for instance, using Lemma 4 of ibid. -that Inj(I) is itself a locally presentable enriched category, whose enriched forgetful functor V to E is itself a right adjoint.
In this setting one also has a good notion of A-theory -capturing the globular theories when A = Θ 0 -and of A-nervous monad. The two notions are equivalent by Theorem 17 of ibid. In the present section we prove our results using monads because their relationship with signatures, of central importance here, is a little cleaner to express. We consider these results from the perspective of A-theories at the end of this section.
Following ibid. the category Sig A (E) of signatures is the ordinary category [obA, E]. Given Ω ∈ Sig A (E) an Ω-algebra consists of an object E ∈ E together with a morphism E(A, E) → E(ΩA, E) for each A ∈ A. Ω-algebras, together with the natural structure on homs, form an enriched category Alg(Ω). Now there is a forgetful functor U : Mnd(E) → Sig A (E) sending an enriched monad T to the family (T A) A∈A . By Theorem 36 of [11] this has a left adjoint F . Furthermore by the proof of Proposition 53 of ibid., the V-category of F Ω-algebras is, up to isomorphism over E, the V-category Alg(Ω) just described. Now although the category of monads is not typically cocomplete it does admit all colimits of free monads on signatures. In fact the colimit closure Mnd A (E) of such free monads is extremely well behaved: it is locally presentable, monadic over Sig A (E) and contains exactly the so-called A-nervous monads. For more on these and proofs of the above claims see [11] .
The key signatures for us are the following ones. Namely, given a pair (A ∈ A, X ∈ E) we define the signature A|X : obA → E to have value X at A and the initial object ∅ otherwise. Thus a A|X-algebra consists of an object E together with a single morphism E(A, E) → E(X, E). At f : X → Y we have the map A|f : A|X → A|Y with value f at A.
Evidently there is a natural isomorphism
Given the morphism of signatures A|f : A|X → A|Y we can form the corresponding morphism F (A|f ) of monads; now a pushout of a coproduct of such maps
is specified by a family of triples (f i :
What are its algebras for the pushout T I ? Since, by Proposition 28 of ibid., semantics sends colimits to limits we have a pullback square as on the left below.
Alg(T I )
Now transposing t through the isomorphism E(X i , T A i ) ∼ = Alg(T )(F T X i , F T A i ) to a map t * i we may form the following pushout
in the enriched category of T -algebras. We thereby obtain a corresponding family (p i ) i∈I of morphisms in Alg(T ). Using the universal property of the pushout we see that to equip (E, e) with the structure of an algebraic I-injective is equally to give a lifting as on the left below
for each member of I. Transposing through the adjunction F T ⊣ U T and using that the transpose of t * i is E(t i , e)•T as in (6.1) we conclude that this is precisely to equip (E, e) with the structure of a T I -algebra. With a similar extension to hom-objects we obtain one direction of: Proposition 6.2. The following coincide up to isomorphism over Alg(T ).
• Forgetful functors Alg(T I ) → Alg(T ) induced by morphisms of T → T I where T ∈ Mnd A (E).
• Forgetful functors Inj(I) → Alg(T ) for I a family of morphisms in Alg(T ), each of which is a pushout as in (6.2).
Given a family B of morphisms of E let
be the induced family in Mnd A (E). By definition, a morphism in Mnd A (E) is F (A|B)-λ-cellular for an ordinal λ if it is a λ-composite of pushouts of coproducts of maps in F (A|B); an object is λ-cellular if the unique map to it from the initial monad Id E is λ-cellular. Accordingly, on taking V-categories of algebras, a λ-cellular monad gives rise to a λ + -cochain of V-categories and V-functors, with base Alg(Id E ) ∼ = E.
Theorem 6.3. Let A ֒→ E be a small dense full subcategory of a locally presentable category and B a family of morphisms of E. Given an ordinal λ, towers of (A, B)-λ-injectives coincide, up to isomorphism of λ + -cochains, with towers of algebras of F (A|B)-λ-cellular monads.
Examples 6.4. Consider again E = V = Cat, and F ֒→ Cat the dense full sub-2-category of finite cardinals, viewed as finite discrete categories and let
be the generating cofibrations for the folk model structure on Cat [16] . Then structures such as monoidal categories -whose definition involves no equations between objects -can be described as (F, B)-iterated injectives in Cat.
For a simple case, building on Example 3.11, let us describe categories C equipped with a tensor product m : C 2 → C : (x, y) → xy and an associator α : (xy)z → x(yz) satisfying MacLane's pentagon equation as 3-injectives in Cat. From Example 6.1 objects of Inj(i 0 ) are categories equipped with a tensor product. The terms t = (xy)z, s = x(yz) in three variables are elements of U F 3 and, together, correspond to a single map t, s :
Forming the pushout as in the second square below, we see that to equip (C, m) with the structure of an object of Inj(i 1 ) is to give a natural transformation α : (xy)z → x(yz).
Now let l = ((wx)y)z and r = w(x(yz)). The two paths u, v : l ⇒ r of the pentagon specify a parallel pair in U 2 F 2 4 and so correspond to a single map
Forming the pushout in the third square below, we see that (C, m, α) admits the structure of an object of Inj(i 2 ) precisely if the pentagon equation for α holds.
Building on this example, we can use (F, B)-3-injectivity to capture any monadic algebraic structure borne by categories, whose basic operations are of the form C n → C for finite cardinals n, and whose defining equations only involving equalities between morphisms rather than objects. A precise characterisation of the 2-monads describing such categorical structures was given in Section 6 of [9] , where they were called the pie presentable strongly finitary 2-monads. Indeed using Theorem 34 of ibid., Theorem 6.3 above and the pseudo-variant of Theorem 17 of [10] , one can show that (F, B)-λ-injectives are (F, B)-3-injectives for all higher ordinals λ, with both classes coinciding as exactly the algebras for pie presentable strongly finitary 2-monads.
As mentioned already, Theorem 6.3 can be reformulated using A-theories rather than monads. By Theorem 17 of [11] we have an equivalence of categories Ψ : Th A (E) ∼ = Mnd A (E). Translating through this equivalence we obtain a forgetful functor U : Th A (E) → Sig A (E) with left adjoint F , abusively using the same symbols U and F as before. Since, by Theorem 24 of ibid., Ψ commutes with semantics in the sense that Mod(T) ≃ Alg(ΨT), it follows that towers of algebras of F (A|B)-λ-cellular monads coincide, to within equivalence, with towers of models of F (A|B)-λ-cellular theories. Thus we may reformulate Theorem 6.3 using the language of A-theories, as follows. Theorem 6.5. Let A ֒→ E be a small dense full subcategory of a locally presentable category and B a family of morphisms of E. Given an ordinal λ, towers of (A, B)-λ-injectives coincide, up to equivalence of λ-cochains, with towers of models of F (A|B)-λ-cellular theories.
Example 6.6. In Section 3.11 of [19] Maltsiniotis shows that the cellular globular theories, in the sense of Section 2.4, are exactly the ω-cellular theories relative to a set of maps
′ ∈ Θ 0 -Th : m ∈ Θ 0 , n ∈ N} . Now consider the set B = {j n : ∂(n) → Y (n + 1) : n ∈ N} of boundary inclusions. To give a morphism of globular theories F ( m|∂(n)) → T is to give a morphism of signatures m|∂(n) → U T . In turn, this amounts to a morphism ∂(n) → T (JD−, m); that is, a parallel pair (n) ⇒ m ∈ T . Therefore F ( m|∂(n)) ∼ = Θ 0 [ m, n]. Continuing in this way we see, indeed, that the set I considered by Maltisiniotis is nothing but our canonical set of morphisms F (Θ 0 |B). Given this identification, Theorem 3.12 becomes a special case of Theorem 6.5 above.
Appendix A. Fibrant cochains
In the present section we prove the results about fibrant cochains needed within the paper.
Proposition A.1. Towers of models of cellular globular theories and of λ-injectives are smooth and isofibrant.
Proof. Smoothness in the first case was observed in Section 2.4, whilst in the second case is by definition. Since isofibrations are defined by a right lifting property, they are stable under transfinite cocomposition. Given this, a smooth cochain X is isofibrant just when each link map X n+1 → X n is an isofibration. Both classes of tower being smooth, it suffices to show that if J : T → S is a morphism of globular theories then J * : Mod(S) → Mod(T) and likewise that each forgetful functor of the form V : Inj(I) → C is an isofibration.
Since the structure of an algebraically injective object can be uniquely transferred along an isomorphism, the latter case is clear. As for the former, since each category of models is a replete full subcategory of the corresponding presheaf category, it suffices to show that [J op , 1] : [S op , Set] → [T op , Set] is an isofibration. This follows easily from the fact that J is bijective on objects. of which the first uses that θ : f <α ⇒ g <α is a modification and the second uses pseudonaturality of f . By the universal property of the limit C(X α , Y α ) in CAT therefore there exists a unique 2-cell θ α which, on postcomposition by the y α n equals ϕ n ; in other words, satisfying the required equation (A.1) for a modification depicted above. Proposition A.3. (1) If X : λ op → C is a smooth isofibrant cochain then at each limit ordinal α < λ the limit X α = lim n<α X n is a bilimit. (2) Each pseudonatural equivalence between smooth isofibrant λ-cochains is isomorphic (via a modification) to a cochain equivalence. In particular, cochain equivalence is an equivalence relation, when restricted to smooth isofibrant cochains.
Proof.
(1) To say that the cone ∆(X α ) → X <α ∈ [α op , C] exhibits the limit X α as a bilimit is, by definition, to say that the composite
is an equivalence for each A. Since the first component is an isomorphism, this will be the case just when the second component is an equivalence. Since it is always fully faithful, this is will be the case just when it is essentially surjective on objects and, by the preceding lemma, this holds since X <α is smooth isofibrant. (2) If f : X Y is a pseudonatural equivalence, then by the lemma there is a 2-natural transformation g : X → Y and invertible modification f ∼ = g. For n ∈ λ we have f n ∼ = g n since each f n is an equivalence so too is the naturally isomorphic g n . This proves the first part. The second part from the first part using that pseudonatural equivalence is an equivalence relation.
